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Abstract
The aim of this paper is to present some coincidence point results for six mappings
satisfying the generalized (ψ ,ϕ)-weakly contractive condition in the framework of
partially ordered G-metric spaces. To elucidate our results, we present two examples
together with an application of a system of integral equations.
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1 Introduction andmathematical preliminaries
Let (X,d) be ametric space and f be a self-mapping onX. If x = fx for some x inX, then x is
called a ﬁxed point of f . The set of all ﬁxed points of f is denoted by F(f ). If F(f ) = {z}, and
for each x in a complete metric space X, the sequence xn+ = f (xn) = f n(x), n = , , , . . . ,
converges to z, then f is called a Picard operator.
The function ϕ : [,∞)→ [,∞) is called an altering distance function if ϕ is continuous
and nondecreasing and ϕ(t) =  if and only if t =  [].
A self-mapping f onX is a weak contraction if the following contractive condition holds:
d(fx, fy)≤ d(x, y) – ϕ(d(x, y)),
for all x, y ∈ X, where ϕ is an altering distance function.
The concept of a weakly contractive mapping was introduced by Alber and Guerre-
Delabrere [] in the setup of Hilbert spaces. Rhoades [] considered this class of mappings
in the setup of metric spaces and proved that a weakly contractive mapping is a Picard
operator.
Let f and g be two self-mappings on a nonempty set X. If x = fx = gx for some x in X,
then x is called a common ﬁxed point of f and g . Sessa [] deﬁned the concept of weakly
commutative maps to obtain common ﬁxed point for a pair of maps. Jungck generalized
this idea, ﬁrst to compatible mappings [] and then to weakly compatible mappings [].
There are examples which show that each of these generalizations of commutativity is a
proper extension of the previous deﬁnition.
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Zhang and Song [] introduced the concept of a generalized ϕ-weak contractive map-
ping as follows.
Self-mappings f and g on ametric space X are called generalized ϕ-weak contractions if
there exists a lower semicontinuous function ϕ : [,∞)→ [,∞) with ϕ() =  and ϕ(t) >
 for all t >  such that for all x, y ∈ X,




d(x, y),d(x, fx),d(y, gy), 
[
d(x, gy) + d(y, fx)
]}
.
Based on the above deﬁnition, they proved the following common ﬁxed point result.
Theorem . [] Let (X,d) be a complete metric space. If f , g : X → X are generalized ϕ-
weak contractive mappings, then there exists a unique point u ∈ X such that u = fu = gu.
For further works in this direction, we refer the reader to [–].
Recently,many researchers have focused on diﬀerent contractive conditions in complete
metric spaces endowed with a partial order and studied ﬁxed point theory in the so-called
bistructural spaces. For more details on ﬁxed point results, its applications, comparison
of diﬀerent contractive conditions and related results in ordered metric spaces, we refer
the reader to [–] and the references mentioned therein.
Mustafa and Sims [] generalized the concept of a metric, in which to every triplet of
points of an abstract set, a real number is assigned. Based on the notion of generalizedmet-
ric spaces, Mustafa et al. [–] obtained some ﬁxed point theorems for mappings satis-
fying diﬀerent contractive conditions. Chugh et al. [] obtained some ﬁxed point results
for maps satisfying property P inG-metric spaces. Saadati et al. [] studied ﬁxed point of
contractive mappings in partially ordered G-metric spaces. Shatanawi [] obtained ﬁxed
points of -maps in G-metric spaces. For more details, we refer to [, –].
Very recently, Jleli and Samet [] and Samet et al. [] noticed that some ﬁxed point
theorems in the context of a G-metric space can be concluded by some existing results in
the setting of a (quasi-)metric space. In fact, if the contraction condition of the ﬁxed point
theorem on a G-metric space can be reduced to two variables instead of three variables,
then one can construct an equivalent ﬁxed point theorem in the setting of a usual metric
space.More precisely, in [, ], the authors noticed that d(x, y) =G(x, y, y) forms a quasi-
metric. Therefore, if one can transform the contraction condition of existence results in
a G-metric space in such terms, G(x, y, y), then the related ﬁxed point results become the
known ﬁxed point results in the context of a quasi-metric space.
The following deﬁnitions and results will be needed in the sequel.
Deﬁnition . [] LetX be a nonempty set. Suppose that amappingG : X×X×X → R+
satisﬁes:
(G) G(x, y, z) =  if x = y = z;
(G)  <G(x, y, z) for all x, y, z ∈ X , with x = y;
(G) G(x,x, y)≤G(x, y, z) for all x, y, z ∈ X , with y = z;
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(G) G(x, y, z) =G(x, z, y) =G(y, z,x) = · · · (symmetry in all three variables); and
(G) G(x, y, z)≤G(x,a,a) +G(a, y, z) for all x, y, z,a ∈ X .
Then G is called a G-metric on X and (X,G) is called a G-metric space.
Deﬁnition . [] A sequence {xn} in a G-metric space X is:
(i) a G-convergent sequence if there is x ∈ X such that for any ε > , and n ∈N, for all
n,m≥ n, G(xn,xm,x) < ε.
(ii) a G-Cauchy sequence if, for every ε > , there is a natural number n such that for
all n,m, l ≥ n, G(xn,xm,xl) < ε.
A G-metric space on X is said to be G-complete if every G-Cauchy sequence in X is
G-convergent in X. It is known that {xn} G-converges to x ∈ X if and only ifG(xm,xn,x)→
 as n,m→ ∞.
Lemma . [] Let X be a G-metric space. Then the following are equivalent:
() The sequence {xn} is G-convergent to x.
() G(xn,xn,x)→  as n→ ∞.
() G(xn,x,x)→  as n→ ∞.
Lemma . [] Let X be a G-metric space. Then the following are equivalent:
The sequence {xn} is G-Cauchy.
For every ε > , there exists n ∈N such that for all n,m≥ n, G(xn,xm,xm) < ε; that is,
if G(xn,xm,xm)→  as n,m→ ∞.
Deﬁnition . [] Let (X,G) and (X′,G′) be two G-metric spaces. Then a function f :
X → X ′ is G-continuous at a point x ∈ X if and only if it is G-sequentially continuous at x;
that is, whenever {xn} is G-convergent to x, {f (xn)} is G′-convergent to f (x).
Deﬁnition . A G-metric on X is said to be symmetric if G(x, y, y) = G(y,x,x) for all
x, y ∈ X.
Proposition . Every G-metric on X deﬁnes a metric dG on X by
dG(x, y) =G(x, y, y) +G(y,x,x), ∀x, y ∈ X. (.)
For a symmetric G-metric space, one obtains
dG(x, y) = G(x, y, y), ∀x, y ∈ X. (.)
However, if G is not symmetric, then the following inequality holds:

G(x, y, y)≤ dG(x, y)≤ G(x, y, y), ∀x, y ∈ X. (.)
Deﬁnition . A partially ordered G-metric space (X,
,G) is said to have the sequential
limit comparison property if for every nondecreasing sequence (nonincreasing sequence)
{xn} in X, xn → x implies that xn 
 x (x
 xn).
Mustafa et al. Fixed Point Theory and Applications 2013, 2013:326 Page 4 of 23
http://www.fixedpointtheoryandapplications.com/content/2013/1/326
Deﬁnition . Let f and g be two self-maps on a partially ordered set X. A pair (f , g) is
said to be
(i) weakly increasing if fx
 gfx and gx
 fgx for all x ∈ X [],
(ii) partially weakly increasing if fx
 gfx for all x ∈ X [].
Let X be a nonempty set and f : X → X be a given mapping. For every x ∈ X, let f –(x) =
{u ∈ X : fu = x}.
Deﬁnition . Let (X,
) be a partially ordered set, and let f , g,h : X → X be mappings
such that fX ⊆ hX and gX ⊆ hX. The ordered pair (f , g) is said to be: (a) weakly increasing
with respect to h if and only if for all x ∈ X, fx 
 gy for all y ∈ h–(fx), and gx 
 fy for all
y ∈ h–(gx) [], (b) partially weakly increasing with respect to h if fx
 gy for all y ∈ h–(fx)
[].
Remark . In the above deﬁnition: (i) if f = g , we say that f is weakly increasing (partially
weakly increasing)with respect to h, (ii) if h = I (the identitymapping onX), then the above
deﬁnition reduces to a weakly increasing (partially weakly increasing) mapping (see [,
]).
The following is an example of mappings f , g , h, R, S and T for which all ordered pairs
(f , g), (g,h) and (h, f ) are partially weakly increasing with respect to R, S and T but not
weakly increasing with respect to them.
Example . Let X = [,∞). We deﬁne functions f , g,h,R,S,T : X → X by
f (x) =
{
x, ≤ x≤ ,
, ≤ x≤ ∞, g(x) =
{√x, ≤ x≤ ,
, ≤ x≤ ∞,
h(x) =
{
x, ≤ x≤ ,




x, ≤ x≤ ,
, ≤ x≤ ∞, S(x) =
{
√x, ≤ x≤ ,
, ≤ x≤ ∞,
T(x) =
{
√x, ≤ x≤ ,
, ≤ x≤ ∞.
Deﬁnition . [, ] Let X be aG-metric space and f , g : X → X. The pair (f , g) is said
to be compatible if and only if limn→∞ G(fgxn, fgxn, gfxn) = , whenever {xn} is a sequence
in X such that limn→∞ fxn = limn→∞ gxn = t for some t ∈ X.
Deﬁnition . (see, e.g., []) A quasi-metric on a nonempty set X is a mapping p : X ×
X → [,∞) such that (p) x = y if and only if p(x, y) = , (p) p(x, y)≤ p(x, z) + p(z, y) for all
x, y, z ∈ X. A pair (X,p) is said to be a quasi-metric space.
The study of unique common ﬁxed points of mappings satisfying strict contractive con-
ditions has been at the center of vigorous research activity. The study of common ﬁxed
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point theorems in generalized metric spaces was initiated by Abbas and Rhoades [] (see
also [, , ]). Motivated by the work in [, , , , , ] and [], we prove some
coincidence point results for nonlinear generalized (ψ ,ϕ)-weakly contractive mappings
in partially ordered G-metric spaces.
2 Main results
Let (X,
,G) be an ordered G-metric space, and let f , g,h,R,S,T : X → X be six self-
mappings. Throughout this paper, unless otherwise stated, for all x, y, z ∈ X, let
M(x, y, z) = max
{
G(Tx,Ry,Sz),
G(Tx, fx, fx),G(Ry, gy, gy),G(Sz,hz,hz),




Let X be any nonempty set and f , g,h,R,S,T : X → X be six mappings such that f (X) ⊆
R(X), g(X)⊆ S(X) and h(X)⊆ T(X). Let x be an arbitrary point of X. Choose x ∈ X such
that fx = Rx, x ∈ X such that gx = Sx and x ∈ X such that hx = Tx. This can be done
as f (X)⊆ R(X), g(X)⊆ S(X) and h(X)⊆ T(X).
Continuing in this way, we construct a sequence {zn} deﬁned by: zn+ = Rxn+ = fxn,
zn+ = Sxn+ = gxn+, and zn+ = Txn+ = hxn+ for all n≥ . The sequence {zn} in X is
said to be a Jungck-type iterative sequence with initial guess x.
Theorem. Let (X,
,G) be a partially ordered G-complete G-metric space. Let f , g,h,R,
S,T : X → X be six mappings such that f (X) ⊆ R(X), g(X) ⊆ S(X) and h(X) ⊆ T(X). Sup-




)≤ ψ(M(x, y, z)) – ϕ(M(x, y, z)), (.)
where ψ ,ϕ : [,∞) → [,∞) are altering distance functions. Let f , g , h, R, S and T be
continuous, the pairs (f ,T), (g,R) and (h,S) be compatible and the pairs (f , g), (g,h) and
(h, f ) be partially weakly increasing with respect to R, S and T , respectively. Then the pairs
(f ,T), (g,R) and (h,S) have a coincidence point z∗ in X. Moreover, if Rz∗, Sz∗ and Tz∗ are
comparable, then z∗ is a coincidence point of f , g , h, R, S and T .
Proof Let {zn} be a Jungck-type iterative sequence with initial guess x in X; that is, zn+ =
Rxn+ = fxn, zn+ = Sxn+ = gxn+ and zn+ = Txn+ = hxn+ for all n≥ .
As x ∈ R–(fx), x ∈ S–(gx) and x ∈ T–(hx), and the pairs (f , g), (g,h) and (h, f ) are
partially weakly increasing with respect to R, S and T , so we have
Rx = fx 
 gx = Sx 
 hx = Tx 
 fx = Rx.
Continuing this process, we obtain Rxn+ 
 Sxn+ 
 Txn+ for n≥ .
We will complete the proof in three steps.
Step I.We will prove that limk→∞G(zk , zk+, zk+) = .
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Deﬁne Gk = G(zk , zk+, zk+). Suppose Gk =  for some k. Then zk = zk+ = zk+. If





















G(zn, zn+, zn+),G(zn, zn+, zn+),
G(zn+, zn+, zn+),G(zn+, zn+, zn+),





,, ,G(zn+, zn+, zn+),




≤ G(zn+, zn+, zn+)





)≤ ψ(G(zn+, zn+, zn+)) – ϕ(G(zn+, zn+, zn+)),
which implies that ϕ(G(zn+, zn+, zn+)) = ; that is, zn+ = zn+ = zn+. Similarly, if k =
n+ , then zn+ = zn+ = zn+ gives zn+ = zn+ = zn+. Also, if k = n+ , then zn+ =
zn+ = zn+ implies that zn+ = zn+ = zn+. Consequently, the sequence {zk} becomes
constant for k ≥ k.
Suppose that
Gk =G(zk , zk+, zk+) >  (.)
for each k. We now claim that the following inequality holds:
G(zk+, zk+, zk+)≤G(zk , zk+, zk+) =M(xk ,xk+,xk+) (.)
for each k = , , , . . . .
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Let k = n and for n ≥ , G(zn+, zn+, zn+) ≥ G(zn, zn+, zn+) > . Then, as Txn 

Rxn+ 















G(Txn, fxn, fxn),G(Rxn+, gxn+, gxn+),G(Sxn+,hxn+,hxn+),






G(zn, zn+, zn+),G(zn+, zn+, zn+),G(zn+, zn+, zn+),





G(zn, zn+, zn+),G(zn+, zn+, zn+),








)≤ ψ(G(zn+, zn+, zn+)) – ϕ(M(xn,xn+,xn+)),
which is possible only ifM(xn,xn+,xn+) = ; that is, G(zn, zn+, zn+) = , a contradic-
tion to (.). Hence, G(zn+, zn+, zn+)≤G(zn, zn+, zn+) and
M(xn,xn+,xn+) =G(zn, zn+, zn+).
Therefore, (.) is proved for k = n.
Similarly, it can be shown that
G(zn+, zn+, zn+)≤G(zn+, zn+, zn+) =M(xn+,xn+,xn+), (.)
and
G(zn+, zn+, zn+)≤G(zn+, zn+, zn+) =M(xn+,xn+,xn+). (.)
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Hence, {G(zk , zk+, zk+)} is a nondecreasing sequence of nonnegative real numbers. There-
fore, there is r ≥  such that
lim
k→∞
G(zk , zk+, zk+) = r. (.)
Since
G(zk+, zk+, zk+)≤M(xk ,xk+,xk+)≤G(zk , zk+, zk+), (.)
taking limit as k → ∞ in (.), we obtain
lim
k→∞
M(xk ,xk+,xk+) = r. (.)
Taking limit as n→ ∞ in (.), using (.), (.) and the continuity of ψ and ϕ, we have
ψ(r)≤ ψ(r) – ϕ(r)≤ ψ(r). Therefore ϕ(r) = . Hence,
lim
k→∞
G(zk , zk+, zk+) = , (.)
from our assumptions about ϕ. Also, from Deﬁnition ., part (G), we have
lim
k→∞
G(zk , zk+, zk+) = , (.)
and, since G(x, y, y)≤ G(x,x, y) for all x, y ∈ X, we have
lim
k→∞
G(zk , zk , zk+) = . (.)
Step II. We now show that {zn} is a G-Cauchy sequence in X. Because of (.), it is
suﬃcient to show that {zn} is G-Cauchy.
We assume on contrary that there exists ε >  for which we can ﬁnd subsequences
{zm(k)} and {zn(k)} of {zn} such that n(k) >m(k)≥ k and
G(zm(k), zn(k), zn(k))≥ ε, (.)
and n(k) is the smallest number such that the above statement holds; i.e.,
G(zm(k), zn(k)–, zn(k)–) < ε. (.)
From the rectangle inequality and (.), we have
G(zm(k), zn(k), zn(k))
≤G(zm(k), zn(k)–, zn(k)–) +G(zn(k)–, zn(k), zn(k))
< ε +G(zn(k)–, zn(k), zn(k))
< ε +G(zn(k)–, zn(k)–, zn(k)–) +G(zn(k)–, zn(k)–, zn(k)–)
+G(zn(k)–, zn(k), zn(k)). (.)
Mustafa et al. Fixed Point Theory and Applications 2013, 2013:326 Page 9 of 23
http://www.fixedpointtheoryandapplications.com/content/2013/1/326
Taking limit as k → ∞ in (.), from (.) and (.) we obtain that
lim
k→∞
G(zm(k), zn(k), zn(k)) = ε. (.)
Using the rectangle inequality, we have
G(zm(k), zn(k)+, zn(k)+)
≤G(zm(k), zn(k), zn(k)) +G(zn(k), zn(k)+, zn(k)+)
≤G(zm(k), zn(k)+, zn(k)+) +G(zn(k)+, zn(k), zn(k)) +G(zn(k), zn(k)+, zn(k)+)
≤G(zm(k), zn(k)+, zn(k)+) +G(zn(k)+, zn(k)+, zn(k)+) +G(zn(k)+, zn(k), zn(k))
+G(zn(k), zn(k)+, zn(k)+). (.)
Taking limit as k → ∞ in (.), from (.), (.), (.) and (.) we have
lim
k→∞
G(zm(k), zn(k)+, zn(k)+) = ε. (.)
Finally,
G(zm(k)+, zn(k)+, zn(k)+)
≤G(zm(k)+, zm(k), zm(k)) +G(zm(k), zn(k)+, zn(k)+)
≤G(zm(k)+, zm(k), zm(k)) +G(zm(k), zn(k), zn(k)) +G(zn(k), zn(k)+, zn(k)+)
≤G(zm(k)+, zm(k), zm(k)) +G(zm(k), zn(k), zn(k))
+G(zn(k), zn(k)+, zn(k)+) +G(zn(k)+, zn(k)+, zn(k)+). (.)
Taking limit as k → ∞ in (.) and using (.), (.), (.) and (.), we have
lim
k→∞
G(zm(k)+, zn(k)+, zn(k)+)≤ ε.
Consider
G(zm(k), zn(k)+, zn(k)+)
≤G(zm(k), zm(k)+, zm(k)+) +G(zm(k)+, zn(k)+, zn(k)+)
≤G(zm(k), zm(k)+, zm(k)+) +G(zm(k)+, zn(k)+, zn(k)+)
+G(zn(k)+, zn(k)+, zn(k)+)
≤G(zm(k), zm(k)+, zm(k)+) +G(zm(k)+, zn(k)+, zn(k)+)
+G(zn(k)+, zn(k)+, zn(k)+). (.)









G(zm(k)+, zn(k)+, zn(k)+) = ε. (.)
As Txm(k) 
 Rxn(k)+ 






















G(zm(k), zn(k)+, zn(k)+),G(zm(k), zm(k)+, zm(k)+),
G(zn(k)+, zn(k)+, zn(k)+),G(zn(k)+, zn(k)+, zn(k)+),





Taking limit as k → ∞ and using (.), (.), (.) and (.) in (.), we have
ψ(ε)≤ ψ(ε) – ϕ(ε) <ψ(ε),
a contradiction. Hence, {zn} is a G-Cauchy sequence.
Step III.We will show that f , g , h, R, S and T have a coincidence point.
Since {zn} is a G-Cauchy sequence in the G-complete G-metric space X, there exists





















































Txn → z∗ and fxn → z∗ as n→ ∞. (.)
As (f ,T) is compatible, so
lim
n→∞G(Tfxn, fTxn, fTxn) = . (.)
Moreover, from limn→∞ G(fxn, fxn, z∗) = , limn→∞ G(Txn, z∗, z∗) = , and the continuity

















≤G(Tz∗,Tfxn,Tfxn) +G(Tfxn, fz∗, fz∗)
≤G(Tz∗,Tfxn,Tfxn) +G(Tfxn, fTxn, fTxn) +G(fTxn, fz∗, fz∗). (.)





which implies that fz∗ = Tz∗, that is, z∗ is a coincidence point of f and T .






















































))≤ ψ(G(fz∗, gz∗,hz∗)) – ϕ(G(fz∗, gz∗,hz∗)).
Therefore, fz∗ = gz∗ = hz∗ = Tz∗ = Rz∗ = Sz∗. 
In the following theorem, the continuity assumption on the mappings f , g , h, R, S and
T is in fact replaced by the sequential limit comparison property of the space, and the
compatibility of the pairs (f ,T), (g,R) and (h,S) is in fact replaced by weak compatibility
of the pairs.
Theorem . Let (X,
,G) be a partially ordered G-complete G-metric space with the
sequential limit comparison property, let f , g,h,R,S,T : X → X be six mappings such that
f (X) ⊆ R(X), g(X) ⊆ S(X), and let h(X) ⊆ T(X), RX, SX and TX be G-complete subsets




)≤ ψ(M(x, y, z)) – ϕ(M(x, y, z)), (.)
where ψ ,ϕ : [,∞) → [,∞) are altering distance functions. Then the pairs (f ,T), (g,R)
and (h,S) have a coincidence point z∗ in X provided that the pairs (f ,T), (g,R) and (h,S)
are weakly compatible and the pairs (f , g), (g,h) and (h, f ) are partially weakly increasing
with respect to R, S and T , respectively.Moreover, if Rz∗, Sz∗ and Tz∗ are comparable, then
z∗ ∈ X is a coincidence point of f , g , h, R, S and T .





zk , zk , z∗
)
= . (.)
Since R(X) is G-complete and {zn+} ⊆ R(X), therefore z∗ ∈ R(X). Hence, there exists u ∈
X such that z∗ = Ru and
lim
n→∞G(zn+, zn+,Ru) = limn→∞G(Rxn+,Rxn+,Ru) = . (.)
Similarly, there exists v,w ∈ X such that z∗ = Sv = Tw and
lim
n→∞G(Sxn+,Sxn+,Sv) = limn→∞G(Txn,Txn,Tw) = . (.)
Now, we prove that w is a coincidence point of f and T . For this purpose, we show that
fw = gu. Suppose opposite fw = gu. Since Sxn+ → z∗ = Tw = Ru as n→ ∞, so Sxn+ 

Tw = Ru.




)≤ ψ(M(w,u,xn+)) – ϕ(M(w,u,xn+)), (.)












Taking limit as n→ ∞ in (.), as G(z∗, z∗, z∗) =  and from (G) and the fact that




































∗, z∗, fw) +G(z∗, z∗, gu)

})


















which implies that fw = z∗ = gu, a contradiction, so fw = gu. Again from the above inequal-
ity it is easy to see that fw = z∗. So, we have fw = z∗ = Tw.
As f and T are weakly compatible, we have fz∗ = fTw = Tfw = Tz∗. Thus z∗ is a coinci-
dence point of f and T .
Similarly it can be shown that z∗ is a coincidence point of the pairs (g,R) and (h,S).
The rest of the proof can be obtained from the same arguments as those in the proof of
Theorem .. 
Remark . Let (X,G) be a G-metric space. Let f ,R,S,T : X → X be mappings. If we
deﬁne functions p,q : X ×X → [,∞) in the following way:
p(x, y) =G(Tx,Ry,Sy)
and
q(x, y) =G(Tx, fy, fy)
for all x, y ∈ X, it is easy to see that both mappings p and q do not satisfy the conditions
of Deﬁnition .. Hence, Theorem . and Theorem . cannot be characterized in the
context of quasi-metric as it is suggested in [, ].
Taking T = R = S in Theorem ., we obtain the following result.
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Corollary . Let (X,
,G) be a partially ordered G-complete G-metric space, and let
f , g,h,R : X → X be four mappings such that f (X) ∪ g(X) ∪ h(X) ⊆ R(X). Suppose that for




)≤ ψ(M(x, y, z)) – ϕ(M(x, y, z)), (.)
where
M(x, y, z) = max
{
G(Rx,Ry,Rz),
G(Rx, fx, fx),G(Ry, gy, gy),G(Rz,hz,hz),
G(Rx,Rx, fx) +G(Ry,Ry, gy) +G(Rz,Rz,hz)

}
and ψ ,ϕ : [,∞) → [,∞) are altering distance functions. Then f , g , h and R have a co-
incidence point in X provided that the pairs (f , g), (g,h) and (h, f ) are partially weakly
increasing with respect to R and either
a. f is continuous and the pair (f ,R) is compatible, or
b. g is continuous and the pair (g,R) is compatible, or
c. h is continuous and the pair (h,R) is compatible.
Taking R = S = T and f = g = h in Theorem ., we obtain the following coincidence
point result.
Corollary . Let (X,
,G) be a partially orderedG-complete G-metric space, and let f ,R :
X → X be two mappings such that f (X) ⊆ R(X). Suppose that for every three comparable




)≤ ψ(M(x, y, z)) – ϕ(M(x, y, z)), (.)
where
M(x, y, z) = max
{
G(Rx,Ry,Rz),
G(Rx, fx, fx),G(Ry, fy, fy),G(Rz, fz, fz),
G(Rx,Rx, fx) +G(Ry,Ry, fy) +G(Rz,Rz, fz)

}
and ψ ,ϕ : [,∞)→ [,∞) are altering distance functions. Then the pair (f ,R) has a coin-
cidence point in X provided that f and R are continuous, the pair (f ,R) is compatible and
f is weakly increasing with respect to R.
Example . Let X = [,∞) and G on X be given by G(x, y, z) = |x– y|+ |y– z|+ |x– z| for
all x, y, z ∈ X. We deﬁne an ordering ‘
’ on X as follows:
x
 y ⇐⇒ y≤ x, ∀x, y ∈ X.
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Deﬁne self-maps f , g , h, S, T and R on X by
fx = ln
(√
x +  + x
)










, Tx = sinh(x).
To prove that (f , g) are partially weakly increasing with respect to R, let x, y ∈ X be such
that y ∈ R–fx; that is, Ry = fx. By the deﬁnition of f and R, we have sinh– x = sinhy and
y = sinh–(sinh– x) . As sinhx≥ (sinh– x) for all x≥ , therefore x≥ sinh–(sinh– x), or
fx = sinh– x≥ sinh–
( 
 sinh




 gy. Hence (f , g) is partially weakly increasing with respect to R. Similarly,
one can show that (g,h) and (h, f ) are partially weakly increasing with respect to S and T ,
respectively.
Furthermore, fX = TX = gX = SX = hX = RX = [,∞) and the pairs (f ,T), (g,R) and
(h,S) are compatible. Indeed, if {xn} is a sequence in X such that for some t ∈ X,
limn→∞ G(t, fxn, fxn) = limn→∞ G(t,Txn,Txn) = . Therefore, we have
lim
n→∞
∣∣sinh– xn – t∣∣ = limn→∞| sinhxn – t| = .
Continuity of sinh– and sinh implies that
lim
n→∞|xn – sinh t| = limn→∞
∣∣∣∣xn – sinh– t
∣∣∣∣ = ,
and the uniqueness of the limit gives that sinh t = sinh– t . But
sinh t = sinh
– t
 ⇐⇒ t = .
So, we have t = . Since f and T are continuous, we have
lim
n→∞G(fTxn, fTxn,Tfxn) =  limn→∞|fTxn – Tfxn| = .
Deﬁne ψ ,ϕ : [,∞) → [,∞) as ψ(t) = bt and ϕ(t) = (b – )t for all t ∈ [,∞), where  <
b≤ .






(|fx – gy| + |fx – hz| + |gy – hz|)
= b






















 |x – y| +

 |x – z| +

 |y – z|
)
= b (|x – y| + |x – z| + |y – z|)
≤ b
(| sinhx – sinhy| + | sinhy – sinhz| + | sinhz – sinhx|)
≤ |Tx – Ry| + |Ry – Sz| + |Sz – Tx|










Thus, (.) is satisﬁed for all x, y, z ∈ X. Therefore, all the conditions of Theorem . are
satisﬁed. Moreover,  is a coincidence point of f , g , h, R, S and T .
The following example supports the usability of our results for non-symmetricG-metric
spaces.
Example . Let X = {, , , } be endowed with the usual order. Let
A =
{





(, , ), (, , ), (, , )
}
.
Deﬁne G : X →R+ by
G(x, y, z) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
 if (x, y, z) ∈ A,
 if (x, y, z) ∈ B,
 if (x, y, z) ∈ X –A∪ B,
 if x = y = z.
It is easy to see that (X,G) is a non-symmetric G-metric space.
Also, (X,G) has the sequential limit comparison property. Indeed, for each {xn} in X
such that G(xn,x,x)→  for an x ∈ X, there is k ∈N such that for each n≥ k, xn = x.
Deﬁne the self-maps f , g , h, R, S and T by
f =
(
   




   





   




   





   




   




fX ⊆ RX = X,
gX ⊆ SX = X,
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and
hX ⊆ TX = X.
Also, RX, SX and TX are G-complete. The pairs (f ,T), (g,R) and (h,S) are weakly com-
patible.
On the other hand, one can easily check that the pairs (f , g), (g,h) and (h, f ) are partially
weakly increasing with respect to R, S and T , respectively.
Deﬁne ψ ,ϕ : [,∞)→ [,∞) by ψ(t) =  t and ϕ(t) = t .
According to the deﬁnition of f , g , h and G for each three elements x, y, z ∈ X, we see
that
G(fx, gy,hz) ∈ {, , }.
But
G(Tx,Ry,Sz),G(Tx, fx, fx),G(Ry, gy, gy),G(Sz,hz,hz) ∈ {, , , }
and





)≤  =M(x, y, z) =ψ(M(x, y, z)) – ϕ(M(x, y, z)).
Therefore, all the conditions of Theorem . are satisﬁed. Moreover,  is a coincidence
point of f , g , h, R, S and T .
Let  be the set of all functions μ : [, +∞) → [, +∞) satisfying the following condi-
tions:
(I) μ is a positive Lebesgue integrable mapping on each compact subset of [, +∞).
(II) For all ε > ,
∫ ε
 μ(t)dt > .











Then f , g , h, R, S and T have a coincidence point if the other conditions of Theorem .
are satisﬁed.
For this, deﬁne the function (x) =
∫ x






))≤ (ψ(M(x, y, z))) – (ϕ(M(x, y, z))).
Take ψ = oψ and ϕ = oϕ. It is easy to verify that ψ and ϕ are altering distance func-
tions.
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Taking g = h, T = R = S = IX and y = z in Theorems . and ., we obtain the following
common ﬁxed point result.
Theorem . Let (X,
,G) be a partially ordered G-complete G-metric space, and let f




)≤ ψ(M(x, y, y)) – ϕ(M(x, y, y)), (.)
where
M(x, y, y) = max
{
G(x, y, y),G(x, fx, fx),G(y, gy, gy),




and ψ ,ϕ : [,∞)→ [,∞) are altering distance functions. Then the pair (f , g) has a com-
mon ﬁxed point z in X provided that the pair (f , g) is weakly increasing and either
a. f or g is continuous, or
b. X has the sequential limit comparison property.
Taking f = g in the above, we obtain the following common ﬁxed point result.
Theorem . Let (X,
,G) be a partially ordered complete G-metric space, and let f be




)≤ ψ(M(x, y, y)) – ϕ(M(x, y, y)), (.)
where
M(x, y, y) = max
{
G(x, y, y),G(x, fx, fx),G(y, fy, fy),
G(x,x, fx) + G(y, y, fy)

}
and ψ ,ϕ : [,∞)→ [,∞) are altering distance functions. Then f has a ﬁxed point z in X
provided that f is weakly increasing and either
a. f is continuous, or
b. X has the sequential limit comparison property.
3 Existence of a common solution for a system of integral equations
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where b > a ≥ . The aim of this section is to prove the existence of a solution for (.)
which belongs to X = C[a,b] (the set of all continuous real-valued functions deﬁned on
[a,b]) as an application of Corollary ..
The considered problem can be reformulated as follows.


























for all x ∈ X and for all t ∈ [a,b]. Obviously, the existence of a solution for (.) is equivalent
to the existence of a common ﬁxed point of f , g and h.
Let
d(u, v) = max
t∈[a,b]
∣∣u(t) – v(t)∣∣.









 y ⇐⇒ x(t)≤ y(t)
for all t ∈ [a,b]. It is known that (X,
) has the sequential limit comparison property [].
Now, we will prove the following result.
Theorem . Suppose that the following hypotheses hold:
(i) K,K,K : [a,b]× [a,b]× R→ R and k : [a,b]→ R are continuous;















































Mustafa et al. Fixed Point Theory and Applications 2013, 2013:326 Page 20 of 23
http://www.fixedpointtheoryandapplications.com/content/2013/1/326
(iii) For all s, t ∈ [a,b] and for all x, y ∈ X with x
 y, we have
∣∣Ki(t, s,x(s)) –Kj(t, s, y(s))∣∣≤√p(t, s) ln( + ∣∣x(s) – y(s)∣∣),




p(s, t)ds < (b – a) .
Then system (.) has a solution x ∈ X.
Proof From condition (ii), the ordered pairs (f , g), (g,h) and (h, f ) are partially weakly in-
creasing.
Now, let x, y ∈ X be such that x y. From condition (iii), for all t ∈ [a,b], we have

∣∣fx(t) – gy(t)∣∣ ≤ (∫ b
a








∣∣K(t, s,x(s)) –K(t, s,x(s))∣∣ ds
)
































 +G(x, y, z)
)











 +M(x, y, z)
)
=M(x, y, z) –
(
M(x, y, z) – ln
(






) = ( sup
t∈[a,b]
∣∣fx(t) – gy(t)∣∣)
≤M(x, y, z) – (M(x, y, z) – ln( +M(x, y, z))). (.)
Similarly, we can show that
(
d(gy,hz)
) = ( sup
t∈[a,b]
∣∣gy(t) – hz(t)∣∣)
≤M(x, y, z) – (M(x, y, z) – ln( +M(x, y, z))), (.)





) = ( sup
t∈[a,b]
∣∣hz(t) – fx(t)∣∣)
≤M(x, y, z) – (M(x, y, z) – ln( +M(x, y, z))). (.)
Therefore, from (.), (.) and (.), we have
(
G(fx, gy,hz)




), (d(gy,hz)), (d(hz, fx))}
≤M(x, y, z) – (M(x, y, z) – ln( +M(x, y, z))).
Putting, ψ(t) = t, ϕ(t) = t – ln( + t) and R = IX in Corollary ., there exists x ∈ X, a
common ﬁxed point of f and g and h, which is a solution of (.). 
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